Plastic deformation of crystalline materials is a complex nonhomogeneous process characterized by avalanches in the motion of dislocations. We study the evolution of dislocation loops using an analytically solvable phase-field model of dislocations for ductile single crystals during monotonic loading. The distribution of dislocation loop sizes is given by PA A ÿ , with 1:8 0:1. The exponent is in agreement with those found in acoustic emission experiments. This model also predicts a range of macroscopic behaviors in agreement with observation, including hardening with monotonic loading, and a maximum in the acoustic emission signal at the onset of yielding. DOI Crystalline materials subjected to an external stress display bursts of activity owing to nucleation and motion of dislocations [1] [2] [3] [4] . These sudden local changes generate acoustic emission waves that reveal the intermittent and jerky character of dislocation motion.
Acoustic emission (AE) experiments on single crystals of ice under viscoplastic deformation (creep) show that the probability density function of the acoustic emission intensity, PA, follows a power-law distribution PA A ÿ with an exponent in the range 1:6-2:0 [5] . Selfsimilarity in dislocation avalanches was also observed spatially; that is, the probability of two avalanches being separated by a distance less than r is given by Cr r D , with D 2:5 0:1 [6] . Although many acoustic emission measurements have been reported, only qualitative descriptions of the relation with plastic deformation have been made to date.
During plastic deformation in metals, cellular dislocation patterns may develop [7] [8] [9] . These patterns consist of dislocation walls separating dislocation-free cell interiors. The presence of fractal patterns of dislocations was first observed in numerical simulations by Sevillano et al. [10] . Later, Hä hner et al. [7] characterized the fractal dimension of the wall structures formed in metals under large deformations. Several analytical models were developed to study the patterning phenomena [7, [11] [12] [13] . The common feature of these models is that the system is described at a continuum level and the evolution of the dislocation density is described by means of balance equations.
It has been suggested that the dynamics of these systems displays self-organized criticality (SOC) [3, 5, 6] . Although the concept of self-organized criticality was originated to explain simplified models, phenomena in very diverse field of sciences are said to exhibit SOC. Examples include earthquakes, forest fires, water droplets on surfaces, fracture, and dynamics of magnetic domains in addition to wars and stock market crashes [14] .
A rigorous definition and a mathematical formalism of self-organized critical behavior are still lacking. SOC is a phenomenological definition and can be characterized by (i) power-law distributions without any apparent tuning; (ii) the process connected with the external driving of the system needs to be much slower than the internal relaxation processes; (iii) the presence of marginally stable states (Bak et al. [15] conceive the marginally stable states as characterized by the lack of any typical length or time scale, related to systems at a critical point); and (iv) a very large number of interacting entities [16] .
In this Letter, we present numerical simulations of dislocations that generate scale-free avalanches and power-law behavior in properties related to acoustic emission that are characteristics of SOC. The power-law exponent is in agreement with those found in acoustic emission experiments [5] . This model also predicts a range of macroscopic behaviors in accordance with observation, including hardening with monotonic loading, and a maximum in the acoustic emission signal at the onset of yielding [17] [18] [19] .
We use a phase-field model of dislocations developed by Koslowski et al. [20] in which an integer valued phasefield describes the evolution of dislocation arrangements in single crystals. In this representation the value of the phase field accounts for the number of dislocations which have crossed over a point. Together with the dislocation structures the model predicts the dislocation density. No independent equation of evolution for the dislocation density needs to be supplied, in comparison with other simulations in which nucleation and annihilation mechanisms need to be additionally provided [5] .
We consider a system of dislocations moving in a single slip plane through a random array of forest dislocations, under the action of an applied shear stress, which is a good approximation for the stage I of deformation (easy glide) when only a few slip systems are active.
In order to derive the governing equations, we briefly describe a two-dimensional phase-field theory of dislocations. For further details, see Ref. [20] . The model is analytically tractable, which makes it possible to deal with mesoscopic size dislocation ensembles while taking VOLUME 93, NUMBER 12 into account an arbitrary number and arrangement of dislocation lines over a slip plane, the long-range elastic interactions between dislocations, the core structure of the dislocations, the interaction between the dislocations, and an applied shear stress, and the irreversible interactions with short-range point obstacles. The dislocation ensemble is represented by means of a scalar phase field . The phase field is integer valued and its value records the number of dislocations with their sign, which have crossed the point on the slip plane (i.e., the net amount of deformation at that point).
Here, we consider the deformation of an isotropic single crystal during single glide. The system is thus approximated by a single slip plane, which we take to be the x 1 ; x 2 plane. We also assume that the Burgers vector, b, points in the x 1 direction. Under these assumptions, the energy can be written as [20] 
where a superimposed ^ denotes a Fourier transform, k i are the components in the transformed Fourier space of the coordinates x i , is the shear modulus, is the applied resolved shear stress, d is the interplanar spacing, and
where is the Poisson's ratio. The first term in Eq. (1) represents the dislocation-dislocation interactions. The second term is the effect of an external applied stress. The operator 1 1Kd=2 smoothes the integer valued phase field and appears as a response of the core energy. The nonlocal, long-range dislocation interaction has a similar structure to the functionals used in fluid invasion in porous media and dynamics of ferromagnetic domain walls [21, 22] .
The slip system contains initially a random distribution of obstacles that represent forest dislocations. Since dislocation motions and reactions are dissipative processes, dislocation patterns resulting from plastic deformation cannot be deduced from minimization principles. The irreversible obstacle interaction is built into the variational formulation by recourse to time discretization. We consider a sequence of discrete times and seek to compute the slip distribution n1 at time t n1 , given the solution n at time t n . The updated slip distribution follows from the minimization of the incremental work function:
The last term in (3) is the incremental work of dissipation. In this term, the field fx 0 represents the energy cost per unit area associated with the passage of one dislocation over the point x, i.e., with a transition of the form x ! x 1. Thus, the field fx represents the distribution of obstacles over the slip plane and can be represented as [20] 
where the sum is over the obstacles and we define the obstacle strength F i as
Equation (3) simply states that part of this work is invested in raising the energy of the crystal, whereas the remainder of the external work supplied is invested in overcoming the obstacle resistance. At each time step the updated configuration corresponds to the minimization of Eq. (3). For the special case of short-range obstacles, the solution can be obtained in closed form, and it results in x P Z x; (6) where P Z is the closest integer projection and x is the unconstrained solution
where Gx is the inverse Fourier transform of 1=K, sx represents the reaction force field exerted by the obstacles, and C is an integer valued constant.
In the simulations, we consider quasistatic loading in a single slip system containing obstacles of uniform strength in the range F 0:2-10 b with an obstacle density obs 3:8 10 14 =m 2 . We assume periodic boundary conditions in a cell of size 0:26 m 2 . We set the Poisson's ratio 0:3 and the Burgers vector b 2:56 10 ÿ10 m corresponding to copper. At each loading step the solution depends only on the applied stress and the obstacle distribution, and it is obtained in closed form through Eq. (6) . Figure 1 shows the dislocation pattern at an applied stress 0: 24 10 ÿ4 for an obstacle strength the open spaces between obstacles leading to the formation of Orowan loops. As the applied stress increases, the number of loops surrounding the obstacles correspondingly increases.
The energy released by the system during one loading step is proportional to the area slipped by the dislocations [3, 17, 23] . Therefore, the acoustic signal, A, is proportional to the area of the loops generated during one loading step. Figure 2 shows the calculated acoustic emission amplitude and the cumulative amplitude during one loading step. The AE signal accompanying the plastic deformation consists of many overlapping pulses as observed experimentally in copper and aluminum single crystals [17, 19] and ice [3, 5] . The instantaneous dissipation shows burst of activity that can be considered dislocation avalanches. The cumulated activity is a measure of the strain and also shows the burst character observed in plastic deformation [1, 2] . This behavior also resembles the jerky character of the stress-strain curve observed in alloys, which arises from the interaction of dislocation with solute atoms (Portevin-Le Chatelier effect [4] ).
Following [3] , we introduce the acoustic emission rate (AER), which measures the acoustic activity during one loading step, i.e., it is the sum of the amplitudes registered during one loading step divided by the duration of the step, t,
where NA is the number of events with amplitude A. Figure 3 shows the computed stress and the acoustic emission rate as a function of the strain. The signal represents an average over 100 realizations of random distribution of obstacles with the same obstacle density. Error bars in Fig. 3 represent the deviation in the computed stress and AER. Error bars are not shown when are not visible in this scale.
Two well differentiated regimes are clearly present in Fig. 3 , a first regime of easy glide or microslip and a second regime characterized by yielding. During the microslip regime, the obstacles are impenetrable; the dislocations move through open spaces leading to the formation of Orowan loops. During this stage, the AER signal shows great dislocation production. At sufficiently large stress, the obstacles yield and are crossed by dislocations, the hardening rate drops, and the stress-strain curve saturates. At the same time the AER, as well as the dislocation production, decrease in agreement with experimental observation [17] [18] [19] . The AER signal reduction observed after yielding is attributed to a reduction in the dislocation mean free path due to an increasing dislocation density.
Important information about the statistics of plastic flow can be extracted from the avalanche size distribution. Acoustic emission experiments on single crystals of ice show that the probability density function of the acoustic emission intensity follows a power-law distribution with an exponent in the range 1:6-2:0 [3, 5] . The energy released during one loading step is proportional to the area slipped by the dislocations. Therefore, the acoustic emission intensity is proportional to the area of the dislocation loops generated during loading. Figure 4 shows the simulated loop size probability distribution at three different applied stresses, for random distribution of obstacles with a strength F 10 b. The distribution exhibits a power-law decay of the form
with a power-law exponent 1:8 0:1 in agreement with experimental observation. Scaling over more than 1 order of magnitude is found and delimited only by finite size effects. The value of the exponent, , remains constant (within numerical uncertainties) for the whole range of deformation. We also find in our simulations that the value of the exponent is independent of the obstacle strength and density for a range F 0:2-10 b and obs 1:9-3:8 10 14 =m 2 , respectively. The numerical simulations of the present model show that plastic deformation under slow external loading occurs in a sequence of avalanches involving the collective motion of many interacting dislocations. The power-law distributions for the AE amplitudes for a wide range of applied stress, the slow driving process, the presence of marginally stable configurations, and the large number of interacting dislocations give further evidence that dislocation dynamics is a new example of a self-organized critical system [3, 5] .
In addition to the jerky character of dislocation motion, this model also predicts a range of macroscopic behaviors in agreement with observation, including hardening with monotonic loading and a maximum in the AER signal at the onset of yielding. After yielding, the acoustic emission rate decreases in agreement with experiments. In this way, the AER allows the estimation of the production rate of moving dislocations during the plastic deformation of metals.
Because dislocation-driven plastic flow exhibit a scalefree behavior over many decades of sizes, its properties are independent of microscopic and macroscopic details, and great progress can be made by the use of simple models as the present one (universality). In summary, dislocation dynamics involve the collective depinning of a large number of degrees of freedom that are elastically coupled. As such, this model belongs to the class of nonconservative slow-driven systems characterized by scaling laws, in particular, the ones used for earthquakes, fluid invasion in porous media, magnetic systems, and fracture [14, 21, 24] .
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